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Abstract
Several examples studied in the literature motivate the question of whether or not all idem-
potent functors in the category of groups carry surjective homomorphisms into surjective homo-
morphisms. We negatively answer this question by giving a necessary and su0cient condition
under which an idempotent functor on groups preserves surjectivity, and by displaying coun-
terexamples which do not satisfy this condition. Our examples yield subcategories of groups,
where epimorphisms need not be surjective. c© 2002 Elsevier Science B.V. All rights reserved.
MSC: 18A20; 18A40; 55P60
0. Introduction
A functor L on a category C is called idempotent if it comes equipped with a natural
transformation Id → L inducing an isomorphism LX ∼= LLX for every object X in C.
Many examples of idempotent functors studied in the literature, such as projections
onto varieties [14] or localizations at primes [16], carry surjective homomorphisms
into surjective homomorphisms. However, we show in this article that this need not
be true for arbitrary idempotent functors on groups. In fact, we give a necessary and
su0cient condition under which an idempotent functor on groups preserves surjectivity,
and we display counterexamples, based on a recent article by Libman [13], which do
not satisfy this condition.
Let L be any idempotent functor on a category C. Let D denote the full subcategory
of C whose objects are isomorphic to objects in the image of L. Then L factors as
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a composite G ◦ F , where F :C → D is the left adjoint to the inclusion functor
G :D ,→ C. Since F has a right adjoint, it preserves epimorphisms; see e.g. Theorem
2:6:10 in [18]. (Recall that a morphism ’ :X → Y in a category C is called an
epimorphism if for every pair of morphisms 	;  :Y → Z such that 	 ◦ ’=  ◦ ’ it
follows that 	= ; for instance, the embedding Z ,→ Q is an epimorphism in the
category of rings.) Therefore, F sends epimorphisms in C to epimorphisms in D.
However, this does not imply that idempotent functors on groups preserve surjectivity,
since there exist full subcategories of groups where epimorphims need not be surjective
(examples are given in Section 3).
This article was also motivated by previous studies of the preservation of exactness
by idempotent functors on groups. This relies on the works of Hilton et al. [12], Riben-
boim [16], and others about localizations at primes, and has recently been treated in
[7]. Our results have also implications in [2], where among other things the interaction
of idempotent functors with abelianization was considered.
1. Idempotent functors
Given a category C, a functor L :C → C together with a natural transformation
l : Id → L is called idempotent (as in [1,6,8,13]) if for every object X in C the
morphism lLX :LX → LLX is an isomorphism, and LlX = lLX . Equivalently, L is idem-
potent if for every object X in C there is a morphism lX :X → LX with the following
universal property. For every Y in C and every morphism 	 :X → LY there is a unique
morphism  :LX → LY such that ◦ lX = 	. Such a functor L is also called a localiza-
tion or a re2ection. If the morphism lX :X → LX is an epimorphism for every object
X , then we say that L is an epire2ection.
An object X is called L-local if it is isomorphic to LY for some Y . A morphism
’ :X → Y is called an L-equivalence if L’ :LX → LY is an isomorphism. Note that
’ :X → Y is an L-equivalence if and only if for every morphism 	 :X → Z , where Z is
L-local there is a unique morphism  :Y → Z such that  ◦’= 	. Every L-equivalence
between L-local objects is an isomorphism.
Let L be an idempotent functor on a category C. Let D denote the full subcategory
of L-local objects. Then L can be factored as a composite G ◦ F , where the functor
F :C → D is left adjoint to the inclusion functor G :D ,→ C; see e.g. [10]. It is well
known that left adjoints preserve epimorphisms, that is, if ’ :X → Y is an epimorphism
in C, then F’ :FX → FY is an epimorphism in D. Hence, if ’ :X → Y is an
epimorphism in C, then L’ :LX → LY is an epimorphism in D (but not necessarily
in C).
2. Idempotent functors preserving surjectivity on groups
From now on we work in the category of groups. It is well known that a group
homomorphism is an epimorphism if and only if it is surjective; see e.g. [15]. However,
nonsurjective epimorphisms exist in subcategories.
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If an idempotent functor L is an epireHection, then L clearly preserves surjectivity,
that is, the homomorphism L’ is surjective whenever ’ is surjective. In particular,
projections onto varieties of groups (e.g., abelianization) preserve surjectivity. In [9]
the authors characterized epireHections in terms of a closure property of the class of
L-local groups. We next show that idempotent functors preserving surjectivity can also
be characterized in terms of a closure property of the class of L-local groups.
Theorem 2.1. Let L be any idempotent functor on groups. Let ’ :G  H be any
surjective homomorphism. Then L’ is surjective if and only if the image of L’ is an
L-local group.
Proof. If L’ is surjective, then im L’=LH , which is an L-local group. Conversely,
suppose that the image of L’ is L-local. Let  be the projection of LG onto im L’,
and  the inclusion of im L’ into LH . Since ( ◦  ◦ lG)(ker’)= (L’ ◦ lG)(ker’)=
(lH ◦ ’)(ker’)= 1, we see that ( ◦ lG)(ker’)= 1, from where it follows that  ◦ lG
factors through H . By hypothesis, the image of L’ is L-local. Hence, there exists
a group homomorphism g :LH → im L’ such that g ◦ lH =f, where f :H → im L’
satisIes f◦’= ◦lG. Then ◦f◦’= lH ◦’ and hence ◦f= lH . Therefore, ◦g◦lH =
 ◦ f= lH , which implies that  ◦ g is the identity. Hence,  is surjective, and L’ is
also surjective.
Theorem 2.2. Let L be any idempotent functor on groups. Then L preserves surjec-
tivity if and only if the class of L-local groups has the following closure property:
Every subgroup of an L-local group which is also a quotient of an L-local group is
L-local.
Proof. One implication follows from Theorem 2.1. To prove the converse, suppose
that S is both a subgroup of LH for some H and a quotient of LG for some G.
Let  : S  LH be the embedding and  :LG  S the projection. Then L :LLG →
LS is surjective by assumption. Since lLG :LG → LLG is an isomorphism, the map
lS : S → LS is surjective. Since lLH is also an isomorphism and lLH ◦ =L ◦ lS , it
follows that lS is injective. Hence, lS is an isomorphism, so S is L-local.
In particular, this result implies the familiar fact that localizations at sets of primes
preserve surjectivity; see [16]. For any set of primes P, a group G is called P-local
if the pth roots exist and are unique in G for every prime p not belonging to P. If
a group G is a quotient of a P-local group, then such roots exist in G, and they are
unique if in addition G embeds into some P-local group.
Now consider the following kind of idempotent functors. Suppose given any group
homomorphism f :A→ B. A group G is called f-local if the induced function
f∗ : Hom(B;G)→ Hom(A;G)
is a bijection of sets. For every group G there is a group homomorphism
lG :G → LfG which is initial among all group homomorphisms from G to f-local
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groups; this follows from results in [3] or [8]. Then Lf is an idempotent functor,
which we call f-localization. It can be viewed as a universal construction turning f
into an isomorphism. This has been used in connection with localization in homotopy
theory; see [6,9]
Let p :Z → Z be multiplication by a prime p. Observe that localization at a
set of primes P is f-localization where f is the free product of the homomor-
phisms p for all primes p not belonging to P. The following result, which was Irst
proved by RodrJKguez in [17], generalizes the case of localization at sets of primes and
also the case of projections onto varieties; cf. [9]. The proof is straightforward from
Theorem 2.2.
Corollary 2.3. Let f :F → K be any homomorphism where F is a free group. Then
f-localization preserves surjectivity.
Proof. Let S be a group admitting an embedding S  LfH and a projection LfG  S.
In order to prove that S is f-local, let 	 :F → S be any homomorphism. Since F is free,
we can lift 	 to a homomorphism F → LfG, yielding a homomorphism  :K → S
such that  ◦ f= 	. The uniqueness of  follows from the fact that S embeds into
LfH .
Localization with respect to ordinary homology preserves surjectivity, as a conse-
quence of [4, Corollary 2:13], where a topological argument was used in the proof.
We infer the same result from Corollary 2.3, since, by [11, Proposition 1:7], there is a
homomorphism f between free groups such that f-localization is isomorphic to homo-
logical localization. The same is true for Ext-p-completion of nilpotent groups, since,
as shown in [5, VI. 3.5], the Ext-p-completion of a nilpotent group can be viewed as
localization with respect to a homomorphism between free groups.
3. Counterexamples
In this section, we display two counterexamples, based on Theorem 2.2 and on
observations made by Libman in [13], to answer negatively the question of whether or
not every idempotent functor on groups preserves surjectivity.
Example 3.1. Let A be the direct sum of Z=p for all primes p, and let B denote the
cartesian product of Z=p for all primes p. Let f :A → B be the inclusion. Then f
induces an isomorphism Hom(B; B) ∼= Hom(A; B). This implies that LfA ∼= B, since
B is f-local and f is an Lf-equivalence. Pick an epimorphism F  A, where F is
a free abelian group, and observe that F is also f-local, since Hom(A; F)= 0 and
Hom(B; F) ∼= Hom(B=A; F)= 0 because B=A is divisible. Therefore, A is a subgroup of
an f-local group and a quotient of another f-local group, yet A is not f-local. This
shows that Lf does not preserve surjectivity, by Theorem 2.2.
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Example 3.2. Let f be the embedding of the symmetric group n into n+1, where
n¿ 6. Then, according to [13, Theorem 4:24], f induces a bijection
Hom(n+1; n+1) ∼= Hom(n; n+1):
That is, Lfn ∼= n+1. Note that free groups are f-local, since there are no nontrivial
homomorphisms from a Inite group to a free group. Hence, n is a subgroup of an
f-local group and a quotient of another f-local group, yet n is not f-local. Hence,
again, Lf does not preserve surjectivity.
In each of these examples, we obtain a full subcategory of the category of groups
where epimorphisms need not be surjective; namely, the corresponding subcategory D
of f-local groups.
More generally, let L be any idempotent functor on groups that do not preserve
surjectivity. Let S be a group which is a subgroup of an L-local group LH and a
quotient of another L-local group LG, but S is not L-local. Observe that S embeds into
LS because it embeds into LH . Let D be the full subcategory of L-local groups. Then
the composite LG → S → LS is an epimorphism in D which is not surjective.
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